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We study the nucleon and three N∗ resonances’ properties in an effective linear realiza-
tion chiral SUL(2) × SUR(2) and UA(1) symmetric Lagrangian. We place the nucleon
fields into the so-called “naive” ( 1
2
, 0)⊕(0, 1
2
) and “mirror” (0, 1
2
)⊕( 1
2
, 0) (fundamental)
representations of SUL(2) × SUR(2), two of each - distinguished by their UA(1) chiral
properties, as defined by an explicit construction of the nucleon interpolating fields in
terms of three quark (Dirac) fields. We construct the most general one-meson-baryon
chiral interaction Lagrangian assuming various parities of these four nucleon fields. We
show that the observed masses of the four lowest lying nucleon states can be well repro-
duced with the effective Lagrangian, after spontaneous symmetry breakdown, without
explicit breaking of UA(1) symmetry. This does not mean that explicit UA(1) symmetry
breaking does not occur in baryons, but rather that it does not have a unique mass pre-
diction signature that exists e.g. in the case of spinless mesons. We also consider briefly
the axial couplings with chiral representation mixing.
1. Introduction
Chiral symmetry, as one of the symmetries of QCD, is a key to understanding the
dynamics of the strong interaction. In the real world chiral symmetry is sponta-
neously broken, and plays a dynamical role in various scattering processes involv-
ing the Nambu-Goldstone bosons. Hadrons are then classified only according to the
residual vector symmetry and the full chiral symmetry can be conveniently rep-
resented by the non-linear realization. Yet, as pointed out by Weinberg 1, it still
makes sense to talk about irreducible representations of the complete chiral sym-
metry group, and consider hadrons as mixtures of a (small) number of such chiral
multiplets. If so, one can use the chiral symmetry as an algebraic symmetry that
puts constraints on physical observables, such as masses and coupling constants.
Furthermore, as chiral symmetry is restored at high temperature and density, the
1
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change in hadron properties can be viewed as a function of the change in the repre-
sentation mixing. The present paper is based on this point of view, where we extend
some previous work by Christos 2 for Nf = 2, to include chiral “mirror” nucleon
fields, with a view to ultimately extending it to Nf = 3, where some pioneering
work has been done in Refs. 3,4,5. So, this paper may be viewed, to some extent,
as an intermediate pedagogical step on the way to the full-blown problem. Yet, we
shall see that this simpler Nf = 2 case contains most of the features of the Nf = 3
case, and that certain characteristic problems become clearer without the algebraic
complexity of the Nf = 3 case.
It is, therefore, important to determine the starting point here, viz. the chiral
multiplets of bare hadrons, in particular of baryons, which are then mixed by the
interactions to produce the physical/dressed hadrons. Phenomenologically, the suc-
cess of the quark model implies the dominance of three valence quark component
in nucleon states a. Our strategy is therefore to choose nucleon chiral multiplets
guided by the nucleon fields written in terms of three quarks. Strictly speaking,
in the broken symmetry world the chiral structure of the interpolating field is not
identical to that of the physical state that is coupled to the field; generally, the
latter could be more complicated than the former. In this sense, our choice of chiral
multiplets is perhaps the simplest one consistent with QCD.
The chiral multiplets associated with the lowest Fock space components of the
I(J) = 12 (
1
2 ) (nucleon) fields are (
1
2 , 0)⊕ (0, 12 ) and (1, 12 )⊕ (12 , 1). For higher Fock
space components (e.g. pentaquarks, septaquarks etc.) one finds chiral multiplets
(32 , 1)⊕ (1, 32 ), (52 , 2)⊕ (2, 52 ) etc., all of which we shall ignore here. Indeed we shall
not even include the (1, 12 ) ⊕ (12 , 1) multiplet, which appears only with non-local
three-quark interpolating fields. The classification of local three-quark nucleon fields
into chiral multiplets has been recently worked out in Ref. 6. Following up on this,
we use the UA(1) and SUL(2) × SUR(2) chiral (here and in what follows we shall
refer to them as the Abelian and the non-Abelian chiral symmetries, respectively)
transformation properties of the two independent J = 12 local nucleon fields to write
down and classify the possible nucleon-meson interaction terms in the present paper.
Nucleon fields containing no derivatives are natural for the even-parity ground
state nucleons; in that case only the (12 , 0)⊕ (0, 12 ) non-Abelian multiplet is allowed
by the Pauli principle 6. It turns out, however, that there are two such linearly
independent fields. Their linear combinations form different (“opposite”) irreducible
representations of the UA(1) symmetry: one with the axial baryon number −1 and
another with axial baryon number +3 b 7. We shall use these properties to classify
the nucleon-meson interaction terms in the present paper.
For odd-parity nucleon excited states, on the other hand, fields with (at least)
aA reasonable reproduction of the nucleon ground state properties in the quenched lattice QCD
may also be seen as a validation of this point of view.
bJido et al 7 also noticed the curious UA(1) transformation properties of one linear combination
of the nucleon fields, but did not mention that it was an Abelian “mirror” assignment.
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one derivative appear natural. Once we allow for one space-time derivative to exist,
we find nucleon fields with chiral properties that are opposite, or complementary,
i.e. “mirror” to the non-derivative “naive” ones 8,9, e.g. the (0, 12 ) ⊕ (12 , 0). This
fact allows one to explicitly construct the interactions of the four different nucleon
fields with chiral mesons that can account for both the masses and decays of the
lowest-lying even- and odd-parity nucleon resonances.
As a specific example, we choose four particular nucleon fields, forming a UA(1)
chiral nucleon quartet, that we identify with the four lowest-lying nucleon reso-
nances: the nucleon-Roper even-parity pair and the N∗(1535) and N∗(1650) odd-
parity resonances. We estimate the coupling strengths from the nucleon masses.
Our method applies equally well to any, and not just the lowest-lying, UA(1) chiral
nucleon quartet, i.e., pair of nucleon parity doublets.
It turns out that there are many allowed one-meson-baryon interaction terms,
even in the limit of exact SUL(2)×SUR(2) and UA(1) chiral symmetries. This large
latitude in the theory stems from the existence of cubic-meson-field interactions,
first noticed by Christos 2, which turn into one-meson-baryon interaction terms
after spontaneous breakdown of the chiral symmetry. The existence of cubic-meson-
field interactions, in turn, is a consequence of the existence of nucleon fields with the
Abelian axial charge +3. We shall show that this fact implies that one does not need
explicit UA(1) symmetry breaking terms due to the UA(1) anomaly in the nucleon
sector to describe the nucleon masses and decays: they can all be described without
taking explicit UA(1) symmetry breaking into account. This is in contrast with the
case of purely linear-meson-field interactions, which requires some explicit UA(1)
symmetry breaking terms in the nucleon sector to describe the nucleon masses.
Consequently, the explicit UA(1) symmetry breaking, or its restoration, do not
need to have an impact on the nucleon resonance spectrum. Note, however, that it
is always possible to incorporate the explicit UA(1) symmetry breaking effects by
including e.g. the ’t Hooft interaction in the mesonic sector, or even in the baryon
sector of the Lagrangian without “spoiling” the pattern/ordering of baryon massesc.
This would not be the case if there were only one kind of nucleon field, i.e., it is
a consequence of the existence of two kinds of nucleon fields with different axial
baryon numbers.
It must be stated that a closely related study of the nucleon ground state and
one resonance has been done by Christos in Ref. 2, but without introducing the
nucleon mirror fields. Indeed, he studied only the two independent nucleon non-
derivative fields and related their masses to certain UA(1) symmetry conserving
interactions. One distinct disadvantage of models without mirror nucleons is that
phenomenologically they can not describe the one-pion decays of nucleon resonances
at the tree level 10. This motivates us to consider a class of models that includes
mirror nucleons, which task we complete in the present paper. There is another
kind of baryon chiral multiplet mixing: the (12 , 0)⊕ (0, 12 ) and (1, 12 )⊕ (1, 12 ) mixing.
ctheir absolute values may change, of course, but then they can be renormalized
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That is possible only when one allows derivatives in the three-quark interpolating
fields, and will be dealt with in a separate paper 11.
This paper falls into five sections. After the Introduction, in Sect. II we give
a reminder of the basic facts regarding the nucleon fields and their chiral trans-
formation properties, as well as derive the chiral properties of the new derivative
fields. Then in Sect. III we examine the nucleon-meson couplings and classify the
interaction terms according to their symmetry properties for one particular pair of
nucleon fields. In Sect. IV we calculate some of the basic predictions of this effective
interaction. Finally, in Sect. V we summarize and draw our conclusions.
2. Three-quark nucleon fields
Firstly we examine the SUL(2) × SUR(2) and UA(1) transformation properties of
various quark trilinear forms with quantum numbers of the nucleon. This leads us to
two pairs of independent even and odd-parity nucleon resonances with particularly
simple SUL(2)× SUR(2) and UA(1) transformation properties.
Five non-vanishing, apparently different baryon local fields have been explic-
itly constructed from three quark fields without derivatives, such that the nucleon
quantum numbers are properly reproduced. Only two out of these five local trilin-
ear fields, are linearly independent, however 12. Their propriety for the job at hand
can be tested in various ways: one way is by study of their chiral symmetry trans-
formation properties, another is by directly applying them to the study of physical
quantities, e.g. by QCD sum rule or lattice QCD. In the QCD sum rule approach,
it was shown that one linear combination of the two independent nucleon fields
couples predominantly to the ground state nucleon, while the one with orthogonal
weights couples to the lowest-lying odd-parity nucleon resonance N∗(1535) 13,7.
2.1. Even-parity nucleon fields
For completeness’ sake we show the five non-derivative objects involving three quark
fields
N+1 = ǫabc(q˜aqb)qc, (1)
N+2 = ǫabc(q˜aγ
5qb)γ
5qc, (2)
N+3 = ǫabc(q˜aγµqb)γ
µqc, (3)
N+4 = ǫabc(q˜aγµγ
5~τqb) · ~τγµγ5qc, (4)
N+5 = ǫabc(q˜aσµν~τqb) · ~τσµνqc, (5)
which are assigned as even-parity (as indicated by the superscript +), spin 1/2,
isospin 1/2 (“nucleon”) fields. Here indices a, b and c label the color of the three
quarks, whereas the Pauli matrices τi operate in the isospin space, and q is the
light quark iso-doublet; we also define the q˜ to stand for qTCγ5iτ2 in shorthand
notation:
q˜ ≡ qTCγ5iτ2,
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where C = iγ2γ0 and τ2 is the second Pauli matrix in isospin space.
Ioffe 12 used Fierz transformations to show that there are two independent
nucleon fields. Thus, one may use various combinations of independent fields among
Eqs. (1) - (5) for the computation of two point correlation functions, but the linearly
independent choices are all equivalent, for instance, to Eqs. (1) - (2).
We shall try and systematize the nucleon fields according to both their Abelian
and non-Abelian chiral transformation properties and show that this classification
lends new meaning to certain concepts introduced into the linear Gell-Mann–Levy
sigma model some time ago. As mentioned in the Introduction, Lee, DeTar and
Kunihiro, and Jido et al. 8,9,10 used such a model to calculate the even-odd parity
nucleon mass difference as well as the decay properties of the odd-parity resonances
as a function of their chiral transformation properties (“naive” or “mirror”).
In the QCD sum rule studies, it is well known that a typical combination of a
scalar-isoscalar nucleon field Eq.(1) and of the pseudoscalar-isoscalar one Eq. (2)
successfully describes the properties of the nucleon. In addition, this choice leads
to one of the best known non-Abelian chiral transformation properties, viz. the
“naive” non-Abelian one, while we find a somewhat complicated Abelian chiral
transformation law (that can be reduced to a direct sum of a “triple naive” and a
“mirror” Abelian chiral transformations). This is the starting assumption of this
paper, and its consequences will be discussed extensively.
Let us consider the scalar-isoscalar (q˜q) and the pseudoscalar-isoscalar (q˜γ5q)
even-parity nucleon fields
N+1 = ǫabc(q˜aqb)qc, (6)
N+2 = ǫabc(q˜aγ
5qb)γ
5qc. (7)
They transform according to the linear realization under the non-Abelian chiral
transformations:
δ~a5N
+
1 = iγ5~τ · ~aN+1 , (8)
δ~a5N
+
2 = iγ5~τ · ~aN+2 , (9)
whereas under the Abelian chiral transformations the rule is also linear, but slightly
more complicated as it mixes in the second nucleon field:
δ5N
+
1 = iaγ5(N
+
1 + 2N
+
2 ), (10)
δ5N
+
2 = iaγ5(N
+
2 + 2N
+
1 ). (11)
In other words they seem to form a two-dimensional representation of the Abelian
chiral symmetry UL(1) × UR(1), or an UA(1) doublet. Of course, all irreducible
representations of an Abelian Lie group are one-dimensional. Therefore the “chiral
doublet” two-dimensional representation of UA(1) furnished by the fields N1,2 and
defined by Eqs. (14) and (11) must be a reducible one.
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The symmetric and antisymmetric linear combinations of two (identical parity)
nucleon fields N1,2 transform according to the irreducible representation:
N+n =
1√
2
(N+1 +N
+
2 ), (12)
N+m =
1√
2
(N+1 −N+2 ). (13)
Then their Abelian chiral transformation properties are
δ5N
+
n = 3iaγ5N
+
n , (14)
δ5N
+
m = −iaγ5N+m. (15)
Note the factor 3 in front of the r.h.s. of Eq. (14), i.e., it is the “triply-naive” Abelian
axial baryon charge transformation law, as it should be for an object consisting of
three quarks, and the negative sign in front of the r.h.s. of Eq. (15), as it should for
an Abelian “mirror” nucleon. The non-Abelian transformations remain unchanged
(“naive”)
δ~a5N
+
m,n = iγ5~τ · ~aN+m,n. (16)
The triply-naive Abelian field does not have an UA(1) symmetric interaction
that is linear in meson fields. The factor 3 on the right-hand side of the Abelian
chiral transformation law Eq. (14) suggests, however, that the appropriate power
of meson fields should also be three, and, indeed, there are two independent UA(1)
invariants that are cubic in meson fields, see Appendix B. In other words, the UA(1)
symmetry breaking is not intrinsic in the “triple-naive” Abelian nucleon structure.
Now, from the pair-wise nature of the nucleon fields under the UA(1) transforma-
tions, it is natural to consider the nucleon resonance states consisting of two parity
doublets, i.e., of two even-parity and two odd-parity nucleons. If all the resonances
belong to the naive non-Abelian representation, we can not avoid the decoupling
of off-diagonal πNN interaction, as shown in Ref. 10. Hence we need to find two
fields with “mirror” non-Abelian chiral properties.
We have shown that it is not possible to construct a “mirror” non-Abelian
nucleon from three quarks without derivatives 6. Without such a “mirror” field, it
is impossible to have a pure “naive-mirror mass term” that prevents the decoupling
of the pion interaction term. Therefore, let us try and see if that can be done when
one derivative is available.
2.2. Odd-parity derivative nucleon fields
We can construct nucleon fields with “contravariant” chiral transformations to those
shown above by the replacement of γµ with a derivative i∂µ (or a covariant iDµ =
i∂µ+eAµ in QCD), for example the following two derivative objects involving three
quark fields
N ′−1 = ǫabci∂µ(q˜aqb)γ
µγ5qc, (17)
N ′−2 = ǫabci∂µ(q˜aγ
5qb)γ
µqc. (18)
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They are odd-parity, spin 1/2 and isospin 1/2 fields, i.e. they describe (some) nu-
cleon resonances. A prime in the superscript implies that the fields contain a deriva-
tive, and we show below that therefore they have opposite, i.e., mirror, non-Abelian
chiral transformation properties to those of the corresponding non-derivative fields.
Taking, once again, the symmetric and antisymmetric linear combinations of
two (identical parity) nucleon fields N ′−1,2 as the new canonical fields
N ′−m =
1√
2
(N ′−1 +N
′−
2 ), (19)
N ′−n =
1√
2
(N ′−1 −N ′−2 ), (20)
their Abelian chiral transformation properties read
δ5N
′−
m = −3iaγ5N ′−m , (21)
δ5N
′−
n = iaγ5N
′−
n , (22)
whereas the non-Abelian ones remain “mirror”
δ~a5N
′−
m,n = −iγ5~τ · ~aN ′−m,n. (23)
With these fields we are ready to construct “naive-mirror” interactions. We sum-
marize the properties of the four fields in Table.1
Thus, we have constructed four independent nucleon fields: two fields with naive
and two fields with mirror Abelian and non-Abelian chiral transformation proper-
ties. In the present paper, we identify these fields with the nucleon ground state
N(940) and its resonances N(1440), N(1535) and N(1650).
Table 1. The axial charges of the nucleon fields. Two generic tentative assignments of physical
states are shown as cases I and II. In case I both even-parity fields are non-Abelian naive, in case
II the Roper is a mirror one.
UA(1) SUA(2) (I) (II)
Nm −1 +1 N(940) N(940)
Nn +3 +1 N(1440) N(1535)
N ′n +1 −1 N(1650) N(1650)
N ′m −3 −1 N(1535) N(1440)
3. Nucleon-meson chiral interactions
The previous studies 8,9,10 developed a formalism based on one pair of naive and
mirror opposite-parity nucleon fields. However, they did not make a reference to
the UA(1) symmetry. Our strategy is first to construct the SUL(2)×SUR(2) chiral
invariant interaction terms for N+m,n andN
′−
m,n fields. These terms are then classified
according to their UA(1) symmetry. We shall see that besides the usual linear (in
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meson fields) interactions there are also quadratic and cubic ones. Christos 2, on
the other hand, has shown that there are two independent three-meson-one-nucleon
interactions for each parity doublet that preserve both the Abelian and the non-
Abelian chiral symmetry. That makes altogether six terms: four diagonal ones in
the two doublets and two “inter-doublet” ones, see Appendix B. Furthermore, we
can include quadratic terms that are allowed by the non-Abelian mirror properties
of the baryons. We shall see that with so many UA(1) symmetry-conserving terms,
we do not need any UA(1) symmetry breaking terms to describe this part of the
nucleon mass spectrum, provided we use a complete set of interactions (see Sect.
3.2 below).
So far, we have considered identifications of N+m,n with positive parity states,
while N ′−m,n with negative parity states, as the operator containing a derivative may
naturally describe orbital excitations. In principle, we can also consider the reversed
case, however, where Nm,n and (N
′
m,n) are identified with negative (positive) parity
states, respectively. In that case, the Lagrangians constructed in this sections for
the former identification are transformed into those of the latter identification by
multiplying all the nucleon fields with a γ5 matrix, e.g., N
− = γ5N
+. We shall
consider this possibility also in the next section.
In the following, we consider two parity doublets as follows; Ψ = (N+m, N
′−
n ) for
the pair of the single Abelian charge (single Abelian doublet), and Φ = (N+n , N
′−
m )
for that of the triple Abelian charge (triple Abelian doublet). We emphasize that
the two nucleons of these pairs are in the ”mirror” relations in both Abelian and
non-Abelian chiral symmetries.
3.1. “Single-Abelian” doublet
First, we construct UA(1) symmetric Lagrangians from the nucleon fields with sin-
gle Abelian charge N+m and N
′−
n . Since N
+
m is the naive for the non-Abelian chiral
transformation, while N ′−n is the mirror, then the SUL(2) × SUR(2) invariant in-
teraction terms up to first order of meson fields are as follows,
N¯+mAN
+
m, N¯
+
mBN
+
m, N¯
′−
n A
†N ′−n , N¯
′−
n B
†N ′−n ,
where we have introduced the meson fields,
A = σ + iγ5τ · pi, (24)
B = τ · σ + iγ5η. (25)
In addition, chiral invariant mass term is also possible, N¯+mγ5N
′−
n + h.c. Then, the
UA(1) symmetric Lagrangian is formed by a suitable combination of the interaction
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terms as
L(1)int = −g1N
+
m(A−B)N+m − g2N
′−
n (A
† − B†)N ′−n
−m12
[
N
+
mγ5N
′−
n + h.c.
]
,
= −g1N+m
[
σ − τ · σ − iγ5(η − τ · pi)
]
N+m
−g2N ′−n
[
σ − τ · σ + iγ5(η − τ · pi)
]
N ′−n
−m12
[
N
+
mγ5N
′−
n + h.c.
]
. (26)
Here the relative minus sign between A and B has been chosen in order to preserve
the UA(1) symmetry. Note that the g1 and g2 terms have different signs between σ
and π fields that leads to differences in diagonalization and hence to pionic nucleon
decays. This shows that it is possible to break the interlocking of mass and pion
interaction matrices and thus allow for pionic decays of nucleon resonances 10.
There are, moreover, three-meson interaction terms that preserve both Abelian
and non-Abelian chiral symmetriesd
L(1)cubic int = −g3f−2π N
+
m(AA
† −BB† +AB† −BA†)(A+B)N+m
−g4f−2π N
′−
n (A
† +B†)(AA† −BB† −AB† +BA†)N ′−n ,
= −g3f−2π N
+
m
[
σ + τ · σ + iγ5(η + τ · pi)
]
N+m
(
σ2 − σ2 − η2 + pi2)
−2g3f−2π N
+
m
[
iγ5(σ + τ · σ)− (η + τ · pi)
]
N+m
(
ση − σ · pi)
−g4f−2π N
′−
n
[
σ + τ · σ − iγ5(η + τ · pi)
]
N ′−n
(
σ2 − σ2 − η2 + pi2)
+2g4f
−2
π N
′−
n
[
iγ5(σ + τ · σ) + (η + τ · pi)
]
N ′−n
(
ση − σ · pi). (27)
After spontaneous symmetry breaking, σ → fπ + s, however, this interaction leads
to the same linearized meson-nucleon interaction term as the linear interaction
Lagrangian Eq. (26) itself. Therefore for our present purposes, (viz. establishing
the nucleon masses and two-body decay rates) the inclusion of this cubic term does
not generate any differences and for this reason we shall henceforth drop this cubic
interaction entirely.
As shown in Ref. 10,2 in some detail the linear effective Lagrangian Eq. (26)
is capable of describing the N(940) and the N ′−n = N
∗(1535) or N∗(1650) masses,
while eliminating the single-pion decay N ′−n → πN(940) and retaining the decay
N ′−n → ηN(940).
3.2. “Triple-Abelian” doublet
Diagonal interactions for the nucleon fields with triple Abelian charge, N+n and
N ′−m , is not as easily constructed, since there is no term such that it preserves the
UA(1) symmetry and is linear in meson fields. As the desired interaction must be
dWe use Christos’ 2 construction here.
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cubic in meson fields, Christos’ 2 construction has guided us in our quest.
L(2)cubic int = −g3f−2π N
+
n (AA
† −BB† −AB† +BA†)(A +B)N+n
−g4f−2π N
′−
m (A
† +B†)(AA† −BB† +AB† −BA†)N ′−m
−m34
[
N
+
n γ5N
′−
m + h.c.
]
,
= −g3f−2π N
+
n
[
σ + τ · σ + iγ5(η + τ · pi)
]
N+n
(
σ2 − σ2 − η2 + pi2)
−2g3f−2π N
+
n
[
iγ5(σ + τ · σ)− (η + τ · pi)
]
N+n
(
ση − σ · pi)
−g4f−2π N
′−
m
[
σ + τ · σ − iγ5(η + τ · pi)
]
N ′−m
(
σ2 − σ2 − η2 + pi2)
+2g4f
−2
π N
′−
m
[
iγ5(σ + τ · σ) + (η + τ · pi)
]
N ′−m
(
ση − σ · pi)
−m34
[
N
+
n γ5N
′−
m + h.c.
]
. (28)
There are, of course, many UA(1) symmetry breaking terms. Their number,
however, exceeds by far the number of available observables, so we cannot hope to
fix them from experiments alone. More importantly, the UA(1) symmetry break-
ing terms are not necessary to explain the mass spectrum, nor the decays within
each parity doublet. It is only the transitions/decays between members of the two
doublets that need to be added by hand.
Note, however, that if we had (incorrectly) insisted on interactions that are
merely linear in meson fields, we would have been led to a different conclusion viz.
that the masses of the “triple Abelian” nucleon parity doublet are degenerate in the
good UA(1) symmetry limit.
So, even though the mass splittings between the members of the parity doublets
are of the same order of magnitude as the explicit UA(1) symmetry breaking scale,
they may, in principle, be unrelated to this symmetry breaking. Only a detailed
model calculation can distinguish between the symmetry-conserving and -breaking
contributions.
3.3. Inter-doublet
We look at the inter-doublet interaction terms for the pairs of N+m and N
′−
m , and
N+n and N
′−
n
e. There are two UA(1) symmetry invariants,
L(12)off−diag int = −g5f−1π
(
N
+
m(AA
† −BB† +AB† −BA†)γ5N ′−m + h.c.
)
(29)
−g6f−1π
(
N
+
n (AA
† −BB† −AB† +BA†)γ5N ′−n + h.c.
)
,
= −g5f−1π
(
N
+
m
[(
σ2 − σ2 − η2 + pi2)− 2iγ5(ση − σ · pi)]γ5N ′−m + h.c.
)
−g6f−1π
(
N
+
n
[(
σ2 − σ2 − η2 + pi2)+ 2iγ5(ση − σ · pi)]γ5N ′−n + h.c.
)
.
eThe naive-mirror pairings, e.g. N+m and N
′−
n , or N
+
n and N
′−
m are trivial, for either parity com-
bination.
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There are no other (linear or cubic) meson interactions that maintain both Abelian
and non-Abelian chiral symmetries and connect these two kinds of fields.
3.4. Intra-doublet
Next we consider the mixing between two non-Abelian-identical members of the two
doublets: e.g. between N+m and N
+
n , or between N
′−
m and N
′−
n . As the pion-nucleon
interactions induced by these terms do not survive the mass diagonalization, they
are of limited practical use. Because of this reason, we do not consider this type of
interactions in the following phenomenological study. Here, however, we list them
for the sake of completeness. There are two terms with one meson field, that are
given as
L = g7
[
N¯+n (A+B)N
+
m + h.c.
]
+ g8
[
N¯ ′−n (A
† +B†)N ′−m + h.c.
]
. (30)
There are also two UA(1) invariant terms with three meson fields, which are given
as
L = g9
[
N¯+n (AA
† −BB† −AB† +BA†)(A−B)Nm + h.c.
]
+ g10
[
N¯−n (A
† −B†)(AA† −BB† +AB† −BA†)N−m + h.c.
]
. (31)
3.5. UA(1) symmetry breaking terms
Finally and only for completeness’ sake we consider the UA(1) symmetry break-
ing terms. Note that by changing the relative sign of the A and B in all of the
previous terms we break the UA(1) symmetry while keeping the non-Abelian chi-
ral symmetry intact. Thus, for each UA(1) symmetry conserving term there is (at
least) one symmetry breaking term, and for cubic interactions more than one, as
one can change the relative sign in several places. Thus, we see that for each UA(1)
symmetry conserving term there is a symmetry breaking one, and that the two
are indistinguishable with regard to their effects on the baryon masses and pion
interactions. The “realistic” couplings contain both kinds of terms, of course.
3.6. Linearized nucleon-meson chiral interactions
Upon taking into account the spontaneous symmetry breaking σ → fπ + s, we find
the linearized forms of the linear, quadratic and cubic interactions
L(1)int = −g1N
+
m
[
fπ + s− τ · σ − iγ5(η − τ · pi)
]
N+m
−g2N ′−n
[
fπ + s− τ · σ + iγ5(η − τ · pi)
]
N ′−n
−m12
[
N
+
mγ5N
′−
n + h.c.
]
, (32)
and the linearized cubic term becomes
L(1)lin cub int = −g3N
+
m
[
fπ + 3s+ τ · σ + iγ5(3η + τ · pi)
]
N+m
− g4N ′−n
[
fπ + 3s+ τ · σ − iγ5(3η + τ · pi)
]
N ′−n . (33)
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Note that Eq. (32) and Eq. (33) have the same shape as far as the mass and ~π terms
are concerned; the difference shows up only in the signs and sizes of the s and η
interactions, which can be three times stronger, and of opposite sign. This means
that we can put these two interactions together and call the effective interaction
couplings g1, g2. For this reason we have used g3, g4 to denote the second (“triple-
Abelian”) doublet couplings and thus reduce the nomenclature clutter.
L(2)lin cub int = −g3N
+
n
[
fπ + 3s+ τ · σ + iγ5(3η + τ · pi)
]
N+n
−g4N ′−m
[
fπ + 3s+ τ · σ − iγ5(3η + τ · pi)
]
N ′−m
−m34
[
N
+
n γ5N
′−
m + h.c.
]
. (34)
Finally, the linearized inter-doublet term is
L(12)off−diag int = −g5
(
N
′−
m
[
fπ + 2s− 2iγ5η
]
N+m + h.c.
)
−g6
(
N
+
n
[
fπ + 2s+ 2iγ5η
]
N ′−n + h.c.
)
. (35)
As anticipated, the parity may be reversed, andN ′m may be assigned to be a positive
parity field, for instance, the Roper resonance. Then the quadratic π interaction
brings about the necessary R → ππN decay strength in the even-parity sector.
The single-pion decay R → πN comes about due to the “diagonal” interactions
(within each parity doublet). Still the odd-parity resonances N∗(1535), N∗(1650)
decays N ′−m → πN and N−m → πR are forbidden in the good UA(1) symmetry
limit, which can easily be corrected by including (many different) UA(1) symmetry
braking terms. This mechanism for Roper decay does not exist if we assume that
the non-Abelian mirror field in the second doublet has odd parity.
3.7. Choosing the members of parity doublets
We have constructed the effective Lagrangian with the four baryons Nn, Nm, N
′
n
and N ′m. Now we proceed to the assignment of these fields with the physical nucleon
resonances, which can be done by solving the diagonalization of the 4× 4 mass ma-
trix. Of course, a complete exact diagonalization ought to lead to the same (unique)
solution, no matter what starting point one adopts. That statement, however, holds
only in the idealized world in which all decays are kinematically allowed and have
been measured. Needless to say, we do not live in such a world, so we must employ
various tactics.
In the present paper, we rather employ a simple method with the use of some
insight from the lattice QCD and/or QCD sum rules, which tell us that some
observed baryons are dominated by particular types of the baryon fields.
We begin with the classification of the four baryons into two doublets Ψ =
(Nm, N
′
n) and Φ = (Nn, N
′
m) or their admixtures, with actual resonances viz.
N(940), R(1440) N∗(1535) and N∗(1650). Though having a larger number of vari-
ations, we consider two essentially different scenarios.
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As stated in the Introduction, a substantial body of QCD sum rule evidence
is pointing towards N(940) as being the “Ioffe current” operator N+m. Together
with the lowest negative-parity nucleon N(1535) as the partner in the parity
doublet, we have Ψ = (N+m, N
′−
n ) = (N(940), N(1535)) and Φ = (N
+
n , N
′−
m ) =
(N(1440), N(1650)). This is Scenario I.
In another choice, we attempt to identify the negative parity state N(1535) with
the non-derivative field N−n , as the QCD sum rule implies substantial strength
of the coupling between the ground state. Hence we have Ψ = (N+m, N
′−
n ) =
(N(940), N(1650)) and Φ = (N−n , N
′+
m ) = (N(1535), N(1440)). This is Scenario
II.
This way of assigning the fields to states, rather than blind solving the full 4×4
mass matrices, may give us some insight into the physical nature of the potential
solution(s). Now, we shall attempt to estimate the free parameters in each case, so
as to determine viability of either scenario.
4. Results
4.1. Masses
Chiral symmetry is spontaneously broken through the “condensation” of the sigma
field σ → σ0 = 〈σ〉0 = fπ, which leads to the dynamical generation of baryon
masses, as can be seen from the linearized chiral invariant interaction Lagrangians
Eqs. (32)-(35). Each of the two parity doublets separately obeys the mass formulas
given in Ref. 10 for the “mirror” case, provided there is no interaction between
the two doublets. We shall assume this at first as the zeroth approximation, just
to get a qualitative feel for the results we may expect. There is additional mixing
in the four-nucleon mass/interaction matrix, however, due to the “inter-doublet”
interaction Eq.(29).
• Scenario I
The nucleon mass matrix is already in a simple block-diagonal form when
the nucleon fields form the following 1×4 row/column “vector”: (Ψ,Φ) =
(N+m, N
′−
n , N
+
n , N
′−
m ) → (N+m, γ5N ′−n , N+n , γ5N ′−m )
lim
UA(1)symm.
M =


g1fπ m12γ5 0 g5fπγ5
m12γ5 g2fπ g6fπγ5 0
0 g6fπγ5 g3fπ m34γ5
g5fπγ5 0 m34γ5 g4fπ

 . (36)
Note that only the parity-changing interaction g5,6 6= 0 mixes these two
new equal parity doublets. Manifestly we may divide our analysis into two
parts: one with, and another without parity-flipping coupling.
First note that upon redefinition of odd-parity fields with a γ5, as in N
′
i =
γ5N
−
i , where i = 1, 2, the masses of the redefined fields pick up a minus
sign. This means that two of the mass eigenvalues will be negative. Proper
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mass sign is restored at the end of the calculation when one reverts back
to odd parity fields, this time to diagonalized ones, however.
The off-diagonal parity-non-changing coupling terms (g5,6) in the mass ma-
trix do not appear to improve our ability to fit this spectrum: rather they
only seem to complicate the fitting procedure. We shall set them equal to
zero at first and use them only later as they become necessary to fit the
decay properties. Without inter-doublet interactions (g5,6 = 0) one can
immediately read off the eigenvalues:
M
(1)
± =
1
2
[√
(g1 + g2)2f2π + 4m
2
12 ± (g1 − g2)fπ
]
, (37)
M
(2)
± =
1
2
[√
(g3 + g4)2f2π + 4m
2
34 ± (g3 − g4)fπ
]
, (38)
where the former two, Eq. (37), correspond to the first (nucleon) parity
doublet and the latter two Eq. (38), correspond to the second (Roper)
parity doublet. Following Ref. 10, we can determine the coupling and mass
parameters, as well as the mixing angles θij , determined by
tan 2θij =
2mij
(gi + gj)fπ
. (39)
We show the results in Table 2 and Fig. 1.
Table 2. Coupling constants obtained from the nucleon masses with doublets (N(940), N∗(1535)),
(R(1440), N∗(1650)) and the decay widths N∗(1535) → piN(940) and N∗(1650) →
piR(1440).(Scenario I)
constant value
g1 10.4
g2 16.8
m12 270 MeV
θ12 6.3
o
g3 14.6
g4 16.8
m34 503 MeV
θ34 9.5
o
• Scenario II
Once again, the nucleon mass matrix is in a simple block-diagonal form
when the nucleon fields form the following 1×4 row/column ”vector”:
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pi
     
pi
Fig. 1. The nucleon masses as functions of 〈σ〉0 = fpi.
Table 3. Coupling constants obtained from the nucleon masses with doublets (N(940), N∗(1650)),
(R(1440), N∗(1535)) and the decay widths N∗(1650) → piN(940) and N∗(1535) →
piR(1440).(Scenario II)
constant value
g1 10.5
g2 18.1
m12 295 MeV
θ12 6.8
o
g3 –
g4 –
m34 –
θ34 –
(Ψ,Φ) = (N+m, N
′−
n , N
′+
m , N
−
n )→ (N+m, γ5N ′−n , N ′+m , γ5N−n ).
lim
UA(1)symm.
M =


g1fπ m12γ5 g5fπ 0
m12γ5 g2fπ 0 g6fπ
g5fπ 0 g3fπ m34γ5
0 g6fπ m34γ5 g4fπ

 . (40)
Note that only the inter-parity-doublet interactions g5,6 6= 0 mix these
two parity-doublets. We may repeat our analysis as in the first case, but
the data is insufficient to determine all the couplings as in the Scenario
I. We show the results in Table 3. Note that here we do not attempt to
evaluate the coupling constants g3 and g4, because the decay of N(1535) to
R(1440)π is kinematically forbidden when using the central values of the
resonance masses.
Next, we remember that the Roper mixes with the ground state as well, if it
is a non-Abelian mirror field, as in scenario II. In other words, one must take into
March 26, 2019 6:27 WSPC/INSTRUCTION FILE dmitrasinovic2
16 Authors’ Names
Table 4. Coupling constants obtained from the nucleon masses of the equal-parity doublet
(N(940), R(1440)).
constant value
g1 15.15
g3 10.45
g5 -1.3
θ13 14.5
o
account the equal-parity naive-mirror mixing due to g5 6= 0. We show the results
in Table 4. Here
tan 2θ13 =
−2g5
(g1 − g3) . (41)
The predicted coupling strength gπNR =
1
2 (g3− g1) sin 2θ13 is significantly smaller
than the one obtained from the decay width R(1440) → πN(940). The order of
magnitude of g1 is the same in both fits, so we may conclude that a simultaneous
diagonalization of the complete mass matrix may lead to complete agreement.
Manifestly, the good UA(1) symmetry limit is sufficient to reproduce the nu-
cleon spectrum in either scenario. Thence our main conclusion: mass degen-
eracy of opposite-parity nucleon resonances is not a consequence of the explicit
UA(1) symmetry (non) breaking. This conclusion was also reached by Christos, al-
beit for just one parity doublet and without mirror fields. In general one has four
(quadratic) equations with at least eight unknowns (six coupling constants and two
bare “masses”). Clearly one needs other input, e.g. the decay widths, to fix all six
parameters. There are too few measured/able decay widths to fix this ambiguity,
however. A complete solution of this problem is beyond the realm of this paper,
anyway.
4.2. The axial couplings
The mixing of naive and mirror nucleons leads to a change of the axial coupling
constants, both isovector g
(1)
A and isoscalar g
(0)
A . The simple mixing due to the
“mirror mass” term m12 can only reduce the absolute value of both axial coupling
constants from unity, in both scenarios. The mixing angles θij are shown in Tables
2 and 4, which leads to
g
(1)
A = cos
2 θ12 − sin2 θ12 = 0.976, (42)
g
(0)
A = sin
2 θ12 − cos2 θ12 = −0.976, (43)
in Scenario I, and
g
(1)
A = cos
2 θ12 − sin2 θ12 = 0.972, (44)
g
(0)
A = sin
2 θ12 − cos2 θ12 = −0.972, (45)
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Table 5. Axial coupling constants obtained in different scenarios.
constant I II II.A
g
(1)
A 0.976 0.972 0.875
g
(0)
A - 0.976 - 0.972 - 1.125
in Scenario II. Manifestly, neither of these two values of the isoscalar axial coupling
constant is anywhere close to the measured one, g
(0)
A = 0.28± 0.16.
On the other hand, the nucleon-Roper mixing angle θ13, due to the off-diagonal
coupling g5 in Scenario II changes the value of the isoscalar g
(0)
A to somewhere
between its “Ioffe” value of −1 and -3:
g
(1)
A = cos
2 θ13 − sin2 θ13 = cos 2θ13 = 0.875, (46)
g
(0)
A = −3 sin2 θ13 − cos2 θ13 = −2 + cos 2θ13 = −1.125, (47)
Unfortunately we have already seen that the analogous mixing angle θ14 in Scenario
I can not be determined from the present analysis, but whatever its value, it would
only improve the value of
g
(0)
A = 3 sin
2 θ14 − cos2 θ14 = 1− 2 cos 2θ14 ≥ −1. (48)
We summarize the situation in Table 5. We are forced to conclude that none of these
scenarios lead to a viable picture of the nucleon ground state (though perhaps some
may be viable for the resonances). Of course, we have not included the mixing with
the (1, 12 )⊕ (12 , 1) chiral multiplet, as yet, which was assumed by Weinberg 1 to be
vital for the isovector axial coupling, and may yet solve the isoscalar axial coupling
problem, as well 11.
5. Summary and Discussion
We have analyzed the role of chiral symmetry in general and of the UA(1) symmetry
in particular in the nucleon-Roper-two-odd-parity-nucleon-resonances system, un-
der the assumption that the above four nucleon states form a particular set of chiral
multiplets, as implied by the three-quark construction of the baryon interpolating
fields. The four nucleon fields naturally split into two “parity doublets” due to their
UA(1) symmetry transformation properties. We classify the meson-nucleon inter-
actions according to their UA(1) symmetry transformation properties. It is crucial
to keep all UA(1) symmetry conserving interaction terms, even the “cubic” ones,
which are sometimes redundant for the purpose of mass determination. Yet, note,
that if we had only (incorrectly) insisted on interactions that are linear in meson
fields, we would have been led to the different conclusion that the masses of the
“triple Abelian” nucleon parity doublet are degenerate in the good UA(1) symmetry
limit.
The nucleon mass spectrum and the one-pion decay properties have been used
to fix some of the free coupling constants in the (σ, π) sector, see Tables 2- 4. Only
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two N∗ → η + N decays are kinematically allowed, so they are not sufficient to
determine (all of) the remaining (~σ, η) couplings.
The insight that the nucleon and the Roper fields may form two different repre-
sentations of the UA(1) symmetry, and that their mass differences can be explained
only by the spontaneous breaking of SUL(2)×SUR(2) and UA(1) symmetries, while
explicitly preserving the UA(1) symmetry, is the main result of the present paper.
A corollary of this result is that the parity-doublet mass splittings are not deter-
mined by the UA(1) symmetry breaking, as was conjectured in the literature
17.
Moreover, the nucleon-Roper mass difference in some calculations, such as the one
of Ref. 14 in the NJL model, are not a consequence of the broken UA(1) symmetry
in that model, either.
UA(1) symmetry in nucleon spectra has been discussed before, most notably by
Christos 2, who used only one parity doublet (N(940) and N∗(1535)), however,
and drew conclusions that are consistent with, but only a small subset of ours. He
argued that the parity doublet mass difference is proportional to a particular ηNN∗
coupling constant, which is in close agreement with our results. He did not try to
connect other mass differences, such as the Roper-nucleon one, to this mechanism,
as he did not use alternative (“mirror”) sets of fields, which is a novel contribution
of our paper (for a comparison of our formalism with Christos’, see Appendix A).
Jido, Oka and one of us (A.H.) 7 studied QCD sum rules for the odd-parity
nucleon resonance N∗(1535) as a function of the field and its UA(1) transformation
property. We found that this transformation property is the crucial ingredient de-
termining the ηNN∗ coupling constant. This was perhaps the first explicit demon-
stration of the UA(1) symmetry’s role in the odd-parity nucleon spectra; Jaffe et al.
have argued for the same goal, but along different, more general lines 17: It is well
known that spontaneously broken symmetry, like the SUL(2) × SUR(2) one, can-
not lead to mass splitting predictions without additional assumptions 15,17. UA(1)
symmetry is different in this regard as it is explicitly broken, and badly at that.
Different operators break this symmetry in different ways and this difference might
show up in the mass spectra. An explicitly broken linear Abelian chiral symmetry
such as the UA(1) one, can predict mass relations in certain special situations, how-
ever, as was shown in the case of scalar mesons in Ref. 16. In the nucleon-meson
problem, however, there is a sufficiently large latitude to allow a fit of the four
nucleon masses and of the most important nucleon decays without having to invoke
the explicit UA(1) symmetry breaking.
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Appendix A. Comparison with Christos, Ref. [**]
Let us consider the two baryon operators,
B1 = (qTa Cγ
5iτ2qb)qcǫabc, (A.1)
B2 = (qTa Cγ
5iτ2qb)γ5qcǫabc. (A.2)
Here indices a, b and c label the color of the three quarks, whereas the Pauli
matrices τi operate in the flavor space. We shall omit the color index from now on.
The choice of the second operator is different from the original choice by Christos
2, who employed
B3 = (qTCiτ2q)q. (A.3)
(In the original paper, B3 was labelled B2 and vice versa.) Spin and parity of B2
and B3 are the same.
Christos 2 considered the decomposition of B1,3 fields in the L−R representa-
tion. The operators B1 and B3 are reduced to
B1L = [−qTLCiτ2qL + qTRCiτ2qR]qL
B1R = [−qTLCiτ2qL + qTRCiτ2qR]qR
B3L = [q
T
LCiτ2qL + q
T
RCiτ2qR]qL
B3R = [q
T
LCiτ2qL + q
T
RCiτ2qR]qR
We see that in the L−R representation, there are four independent operators,
[qTLCiτ2qL]qL, [q
T
RCiτ2qR]qL, [q
T
LCiτ2qL]qR, [q
T
RCiτ2qR]qR. (A.4)
It is important that the four operators B1,3L,R are independent (different) as ex-
pressed by the four combinations of the four operators in L−R representation. In
other words, we may rewrite the four independent operators in the L−R represen-
tation by way of B1,3L,R. For example,
[qTLCiτ2qL]qL = (B
3
L −B1L)/2. (A.5)
All four operators of Eq. (A.4) can be expressed in terms of B1,3L,R, none of which
are identical. Christos constructed the chiral Lagrangian by using the operators B1
and B3.
Next we consider the same algebra with operators Eq. (A.2),
B1L = [−qTLCiτ2qL + qTRCiτ2qR]qL (A.6)
B1R = [−qTLCiτ2qL + qTRCiτ2qR]qR (A.7)
B2L = −[−qTLCiτ2qL + qTRCiτ2qR]qL (A.8)
B2R = [−qTLCiτ2qL + qTRCiτ2qR]qR (A.9)
In this case we find B1R = B
2
R and B
1
L = −B2L. Thus, we can not represent four
operators in L − R representation with B1,2L,R independently. Hence, we can not
apply Christos’ method to operators B1 and B2.
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This tells us that only four helicity components are independent: a pair of L- and
R-handed baryon operators each. As each massive Dirac field requires two chiral
components we conclude that there are (only) two independent nucleon operators,
of either parity. The parity of the field can be arbitrarily chosen and the opposite
parity field (the parity partner) is necessarily degenerate.
Appendix B. Higher order meson terms in the interaction
Lagrangian
We consider higher order terms with containing two- and three-meson fields. The
linear meson terms was defined in Eq.(25) as,
A =
[
σ + iγ5τ · pi
]
,
B =
[
τ · σ + iγ5η
]
.
Under SU(2)A transformation, these terms transform into
A→ U †AU †, B → U †BU †. (B.1)
Both of them are covariant under SU(2)A. In contrast they are not covariant under
U(1)A, however we can construct covariant terms by choosing the linear combina-
tions of them as,
δ5(A+B)→ −2iγ5a(A+B), (B.2)
δ5(A−B)→ +2iγ5a(A−B). (B.3)
Higher power terms are constructed by these linear terms. The term with two-meson
fields are given as
M2 = AA
† −BB† +AB† −BA†, (B.4)
M3 = AA
† − BB† −AB† +BA†, (B.5)
These terms are reexpressed by using the determinant term with M = q¯i(1−γ5)qj ,
as
AA† −BB† = 1
2
(detM + detM †), (B.6)
A†B − B†A = 1
2
γ5(detM − detM †), (B.7)
or explicitly,
AA† −BB† = σ2 + π2 − η2 − ~σ2, (B.8)
A†B −B†A = 2iγ5(ση − ~σ · ~π). (B.9)
The transformation under SU(2)V × SU(2)A are
Mi → U †MiU, U = eiτ ·aγ5 , (B.10)
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where i = 2, 3. Note that the difference between the transformations Mi and
A, B, by which the non-Abelian naive-mirror mixing terms can be constructed.
Under UA(1) transformation, these terms transform into
δ5M2 = 4iγ5aM2, (B.11)
δ5M3 = −4iγ5aM3. (B.12)
Finally, we construct the cubic meson terms by the combinations of the linear and
square terms. The SU(2)L × SU(2)R symmetry allows the following terms to be
covariant,
Mi(A±B)→ U †Mi(A±B)U †,
(A† ±B†)Mi → U(A† ±B†)MiU. (B.13)
Of course their hermite conjugates can also be used. However there is a relation
M †2 = M3 and M
†
3 = M2. Then, the hermite conjugate of the second of Eqs.(B.13)
gives just the former one. Hence there are eight cubic meson terms. Finally, we
summarize the UA(1) transformation properties of the cubic terms.
δ5M2(A+B)→ 2iγ5aM2(A+B), (B.14)
δ5M3(A+B)→ −6iγ5aM3(A+B), (B.15)
δ5M2(A−B)→ 6iγ5aM2(A−B), (B.16)
δ5M3(A−B)→ −2iγ5aM3(A−B), (B.17)
δ5(A
† +B†)M2 → 6iγ5a(A† +B†)M2, (B.18)
δ5(A
† +B†)M3 → −2iγ5a(A† +B†)M3, (B.19)
δ5(A
† −B†)M2 → 2iγ5a(A† −B†)M2, (B.20)
δ5(A
† −B†)M3 → −6iγ5a(A† −B†)M3. (B.21)
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